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Scale-up of granular processes is notoriously difficult and there is little guidance at
the present time. This is true e®en in the simplest case of noncohesi®e powders consist-
ing of spherical grains, the scenario considered here. Howe®er, flows in granular materi-
als are often restricted to thin regions of rapid surface flow with the rest of the material
suffering only slow plastic rearrangements. This seemingly tri®ial obser®ation leads to
understanding of the entire system and to the concept that an understanding of surface
flows constitutes the key element for scale-up of granular flow processes. A surface flow
is characterized primarily by its thickness and the shear rate. For large particles, both

(are controlled primarily by the Froude number and the particle-size ratio particle diam-
)eter to cylinder radius , whereas material properties ha®e a secondary effect. Modern

experimental techniques are yielding further insight into the physics of shear flows and
theoretical analysis is pro®iding guidance and scaling insights. The assembly of experi-
mental and theoretical components opens the class of problems dominated by surface
flows to serious engineering analysis and predictability. Current understanding is ex-
tended and integrated, the go®erning scaling laws are made explicit, and the results
obtained in terms of rules are summarized. The use of the integrated knowledge by
means of an example is exemplified.

Introduction
Granular processing is widespread across many industries;

examples of systems include rotary kilns, drum mixers, granu-
lators, silos, hoppers and chutes. The current understanding
of granular flows is limited. Sources of complications are
many, stemming from the interactions between irregularly
shaped particles at the microscopic scale and propagating up-
wards to jamming and the formation of bridges at the
mesoscales and nonlinear rheology at the macroscopic scale.
Flow-induced segregation of granular mixtures is another
source of complexity and often puzzlement.

The analysis of granular systems is difficult compared to
fluid flows because the basic governing equations for flow,

Žmixing, and segregation analogous to the Navier-Stokes and
.convective diffusion equations are not yet established. Mod-

els to predict segregation in granular flows are rudimentary
and applicable only to specific systems. Scale-up is thus very
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important and often the only avenue for the design of granu-
lar flow systems.

Surprisingly, granular materials present a conceptual ad®an-
tage with respect to fluids. Flows of granular materials in many
systems of practical interest�particularly tumbling and for-
mation of heaps�are restricted to thin regions of rapid sur-
face flow. The weight of the flowing particles is sufficient to
achieve close packing densities at depths beyond a few parti-
cle diameters from the surface. As a result, flow occurs on a
‘‘fixed bed’’ that deforms plastically with a velocity decaying
exponentially with distance into the bed; this motion is typi-
cally negligibly small compared to the flow in the shear layer
Ž .Komatsu et al., 2001; Jain et al., 2002 . The shear layer is
the key to understanding segregation. Thus, we arrive at the
notion that the understanding of rapid shear flows constitutes
the key building block for the understanding of scale-up of granu-
lar flow processes.

In this article previous studies are unified and extended to
analyze what aspects of a granular flow process remain in-
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Figure 1. Surface flow systems.
Ž . Ž .a Heap flow; b rotating cylinder flow. The coordinate sys-
tem used in the analysis is shown as an inset.

variant upon change of scale carried out under specified con-
Ž .straints scale-up rules . This article is organized as follows.

First, we describe the rheological parameters and measure-
ments needed to characterize the system. The focus is on sur-

Žface flows for which most information is available see Figure
.1 . Then, we give a summary of results in terms of theory and

experiments obtained for two prototypical flows: tumbling in
quasi 2-D containers and formation of open and closed heaps.
Supporting evidence in the form of experimental plots is pre-
sented. The rules extracted provide a setting for the ra-
tional design of simple granular processes; they are denoted
as TF and HF for tumbling flows and heaping flows, respec-

Ž .tively Figure 1 . An application example is provided at the
conclusion.

Rheological Parameters and Measurements
The rheological characterization of granular flow requires

the estimation of parameters that depend on the rheological
model adopted. For example, the simplest kinetic theory
based continuum models typically require the evaluation of

Ž .the coefficient of restitution, particle diameter d , and parti-
Ž . Ž .cle density � Lun et al., 1984 . As in the more familiarp

case of polymeric fluids, phenomenological models have pa-
rameters that are not accessible based on a first principles
approach, but which must be estimated experimentally. An
example belonging to this class is the power law model.

Consider a phenomenological model that allows the calcu-
lation of the local shear stress at the bed-layer interface in-

Žclined at an angle � with the horizontal. As we shall see, the
interface is not clearly defined; there is a linear region and
an exponential decay region of quasi-static motion; the model

Figure 2. Streamwise velocity profile at x =0 in a rotat-
ing cylinder for glass and steel beads normal-
ized with respect to the maximum velocity, vx
( )0, � .o
Symbols: �, glass beads; �, steel beads. Symbol fill: open,
0.9 rpm; black, 1.6 rpm. The region 0� y �y0.8 is well de-

Ž .scribed by a linear profile Jain et al., 2002 .

here simplifies the actual situation; for distances y� � y�0,
the granular material flows freely, for distances y�y� the

.bed is solid-like. The shear stress at the interface on the
fluid-like side is taken to be

� y� sc�� d� 2q � g� cos� tan � 1Ž . Ž .˙x y s

where the first term, quadratic in the shear rate, is the Bag-
nold collisional stress and the second is the Coulomb friction.
The yield stress at the bed-layer interface is taken to be

� y�yd s � g� cos � tan � . 2Ž . Ž .x y m

This model, along with the shape of the velocity profile, gives
predictions of surface layer shape, shear rates, and so on,

Žover a wide range of parameters in both tumbling Khakhar
.et al., 1997b; Orpe and Khakhar, 2001 and in the formation

Ž .of heaps Khakhar et al., 2001a . In the above equations � is
the bulk density, d is the particle diameter, � is the shear˙
rate, and g is the acceleration due to gravity. c, � , and �s m
are model parameters, and their physical significance is dis-
cussed below. The velocity field is assumed linear. This is

Ž .supported by experimental results Jain et al., 2001 as shown
in Figures 2�3. As noted earlier, the logarithmic region, cor-
responding to creep flow in the bed, is too slow for being of
any consequence to the problems considered here.

We should point out also that for many problems of inter-
est, such as mixing, the precise details of the velocity field in
the layer are unimportant; that is, mixing rates and patterns

Žare insensitive to the detail of the velocity field Khakhar et
.al., 1999 . We note also that, for simplicity, we restrict the

discussion here to circular containers. However, the results
can be applied to convex containers of any cross sectional

Ž .shape such as ellipses, triangles, and squares and, with suit-
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Figure 3. Scaled streamwise velocity profile at x =0 in
a rotating cylinder.
Ž . Ž .a 3 mm beads at 0.5, 0.9, and 1.6 rpm; b 1, 2, and 3 mm
beads at 0.5 rpm. Symbols: �, 1 mm beads; �, 2 mm beads;
�, 3 mm beads. Symbol fill: open, 0.5 rpm; gray, 0.9 rpm;

Ž .black, 1.6 rpm from Jain et al., 2002 .

Žable modifications, to systems with internal baffles Hill et
.al., 1999; Khakhar et al., 1999; Ottino and Shinbrot, 1999 .

The phenomenological model for the rheology of surface
granular flows, described above, has three parameters:

� c, the dimensionless collisional viscosity;
� Ž� , the static angle of repose is the surface angle withs

.the horizontal obtained when a steady surface flow is
stopped; and

� Ž� , the maximum angle of repose highest permissiblem
.angle for steady flow conditions . It is the angle of the bed-

layer interface when there is no flux across it, that is, there is
no transfer of particles from the flowing layer into the bed
and vice versa.

The model parameters can all be evaluated experimentally
or calculated in terms of a model.

� The collisional viscosity c can be back-calculated from
Ž .measurements of the local layer thickness � , surface angle

Ž . Ž . Ž .� and mean velocity u rule HF6 . For spherical particles,
experimental results indicate cf1.5, independent of particle

Ž .size and particle material Orpe and Khakhar, 2001 .
� The static angle of repose � can be measured by meanss

of heap formation or tumbling. This is the angle formed after
rotation is stopped in tumbling or after mass-flow rate is
stopped in the formation of a heap. Both give roughly similar
values for a given material, however, a systematic study of
this issue is not available.

� The maximum angle of repose � can be measured asm
Žthe free surface angle in steady open heap experiments flow

.in the system of Figure 1a with the far wall removed or the
angle at the midpoint of the free surface in tumbling experi-
ments. In both cases the condition of no flow between the
bed and layer is satisfied. The data can be correlated with

Žthe local flow rate, and both systems give similar results an

( )Figure 4. Variation of maximum angle of repose �m
( )with mass-flow rate m for 2 mm steel balls˙
( )in quasi 2-D systems depth 10 mm .

Open symbols: rotating cylinder flow; filled symbols: heap
Ž .flow Khakhar et al., 2001b .

example of which is shown in Figure 4 for the case of steel
.balls .

Current Knowledge
The knowledge of the dynamics of granular surface flows

has progressed substantially in the last two years. Here, we
unify and extend results presented in the following works:

Ž . wKomatsu et al. 2001 experimental study of flowing layer,
x Ž . wfocusing on creep region , Orpe and Khakhar 2001 proper-

x Ž .ties of flowing layer, mostly experimental , Jain et al. 2001
w Ž .experimental particle image velocimetry PIV study of flow

x Ž . win layer , Khakhar et al. 2001a experimental and theoreti-
xcal study of surface flow in heap formation , and Khakhar et

Ž . wal. 2002 theoretical comparison of surface flows occurring
xin heap formation and tumbling . It will be apparent that the

integration of the knowledge obtained can be translated into
Žpredictive equations and relations with coefficients that can
.be obtained by means of experiments . This leads to a combi-

nation of building blocks that can be assembled for design
and scale-up purposes.

Knowledge based on studies of rotating cylinder flow
( )tumbling flow, TF

The three primary dimensionless parameters characteriz-
ing granular flow in a partially filled cylinder are the Froude
number Frs� 2Rrg, where � is the rotational speed of the
cylinder and R is the cylinder radius or some suitable length
scale, the size ratio ssdrR, and the fraction of the cylinder
cross-section filled with particles f. Keeping other parame-
ters fixed, increasing the rotational speed causes several flow
regime transitions: avalanching to rolling to cascading to
cataracting and finally centrifuging. A priori prediction of the
regime of flow given the system parameters is currently not

Ž .possible. Henein et al. 1983 , however, have shown that the
transition from avalanching to rolling depends on Fr and s.
Results for the transverse flow are available primarily for the
rolling and cascading regimes, and these results are listed be-
low.
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Figure 5. Layer thickness profiles in a rotating cylinder
( ) ( )for a 2 mm steel balls and b 0.8 mm sand.

Symbols denote experimental data for three different Froude
Ž .numbers Fr : `�0.002, ^�0.022, ��0.064. Solid lines are

Ž .predictions of the theory Khakhar et al., 2001b .

TF1. PIV experiments show that the velocity profile
Ž .throughout most of the layer ® y is linear and scales asx

Ž .® r® sF yr� and the scaling is independent of particlex x,max
Ž .size Jain et al., 2001 . See Figure 2.

TF2. PIV experiments show that the velocity in plastic de-
Žformation bed is logarithmic Komatsu et al., 2001; Jain et

.al., 2001 . See sections in Figures 2 and 3 near yr� sy1.0
TF3. PIV experiments show that the velocity ® corre-x

Žsponding to several particle diameters can be collapsed Jain
. Ž 2.et al., 2001 when plotted as ® � r � R . See Figure 3.x 0

TF4. PIV experiments show that the velocity ® corre-x
Žsponding to several rotational speeds can be collapsed Jain

. Ž 2.et al., 2001 when plotted as ® � r � R .x 0
TF5. The volumetric flux per unit width in the flowing layer

Ž 2 2.is maximum at the midpoint and is given by Qs� R y x r2
Ž .Rajchenbach, 1990; Khakhar et al., 1997b, 2001b .

TF6. The layer thickness profile of the flowing surface layer
Ž .1r2Ž 2 2.1r2is symmetric at low Fr and is given by �s �r� R y x˙

Ž .for a half-full cylinder see Figure 5 and the shear rate is
Žnearly constant along the layer Makse, 1999; Khakhar et al.,

.2001b . At higher Fr and smaller s, the profiles become
Ž .skewed see Figure 5 and the shear rate varies along the

Ž .layer Orpe and Khakhar, 2001 . The layer shape depends on
Ž .the particle shape as well. For example, cubical particles salt

Ž .gave an asymmetrical profile Khakhar et al., 1997b .
TF7. The shear rate at the midpoint of the layer, corre-

w Ž .sponding to thickness � , is given by � s g sin � y� rcd˙0 0 m s
x1r2 Ž .cos � for all Fr and s Orpe and Khakhar, 2001 . Sees

Figure 6.
TF8. The thickness of the layer at the midpoint is given by

Ž .1r2� rRs �r� for all Fr and s, with � given by the above˙ ˙0 0 0
Ž 2 .1r4 Žexpression. Thus, � rRA � drg Makse, 1999; Khakhar0

.et al., 2001b .

Figure 6. Variation of the computed shear rate at the
( )midpoint � for different size ratios and˙0

Froude numbers vs. the characteristic shear
[ ( ) ]1r2rate g sin � – � /////d cos � for variousm s s

particles at different rotational speeds and dif-
ferent cylinder sizes.
Ž . Ž . Ž .a Steel balls; b glass beads; c sand particles. Open sym-
bols: data from tumbling experiments; filled symbols: data

Ž .from open heap system Khakhar et al., 2001 . Note that the
slope is approximately the same in all systems.

TF9. Flow in the layer depends primarily on Fr and s, and
material properties, such as restitution coefficients, have a
secondary effect. Layer shape profiles for different materials
Ž .glass beads, steel balls, and sand and cylinders of different

Žsizes can be scaled keeping Fr and s fixed Orpe and
.Khakhar, 2001 . See Figure 7.

TF10. In the case of noncircular cylinders the layer thick-
Ž . Ž . Ž .ness � and layer length R vary with time t , but their
Ž . Ž . Žratio � t rR t is constant Khakhar et al., 1999; Ottino and

.Khakhar, 2000 .
TF11. In the limit s™0, the collisional term becomes neg-

Žligible and the flow is purely frictional an analytical result
Ž ..for this case is given in Rao et al. 1991 . As a consequence,

the particles accelerate throughout, the mean velocity in-
creases with distance along the layer, and the layer thickness
profile is skewed. The parameter c is not required in the
calculations in this limit.

TF12. The flux of particles from the layer into fixed bed
Ž .	 depends on the difference between the local interface

Ž . Ž .angle � and the maximum angle of repose � with 	sm
Ž .V � y� and with Vs gr� cos � . Thus, material goes˙m m

from the layer into the bed when the local angle is less than
the maximum angle of repose and vice versa.

TF13. The dimensionless maximum velocity of particles at
Žthe free surface of the flowing layer u s u re� L sinm m

.Ž .1r2 Ž . Ž .� dr2 R is in the range 06,0.8 for Frg 0.004,0.016 ,
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Figure 7. Layer shape profiles for different materials in
cylinders of different sizes for Froude number
Fr=0.064.
Ž .a Steel balls and glass beads with ss 0.0125: ` steel balls
with Rs16, ^ steel balls with Rs 8, � glass beads with

Ž .Rs16 cm. b Sand and glass beads with ss 0.005: ` sand
with Rs16 cm, ^ sand with Rs 8, � glass beads with Rs

Ž .16 cm Orpe and Khakhar, 2001 .

Žwhere e is the coefficient of restitution of the particles Ding
.et al., 2001 .

A few rules pertain to mixing and segregation in the rotat-
ing cylinder. These are listed below.

TF14. Experimental studies of mixing of identical but dif-
Žferent colored particles in a rotating cylinder Khakhar et al.,

. Ž .1997b and scaling analyses Savage, 1993 indicate that the
collisional diffusivity of particles in the flowing layer may be
estimated by D s0.025d2� .˙coll

TF15. The rate of mixing increases monotonically with de-
creasing fill fraction. However, when normalized with the
mass of material being mixed, the mixing rate is highest for a

Ž .fill fraction of about 25% Khakhar et al., 1997b .

TF16. The axial dispersion coefficient in a rotating cylin-
der may be estimated in terms of the diffusivity as D sa
D trt , where t is the average time spent by particles for acoll l b b
single pass through the bed and t is the average time spentl

Žby particles for a single pass through the layer Rao et al.,
.1991 .

ŽTF17. The segregation flux of the lighter particles oppos-
.ing ordinary diffusion in a mixture of equal sized but differ-

ent density particles flowing in a surface layer is given by
Ž . Ž .J s2C 1y � D n 1yn rd, where n is the number frac-L s coll

tion, �F1 is the ratio of particle densities, and C f2 is as
Ž .model parameter Khakhar et al., 1997a .

TF18. The optimal rpm which gives best mixing in tum-
Ž . Žbling mixers scales as N sC drR with Cs121 Fan et al.,opt

.1990 .

(Knowledge based on studies of heap formation heap flow,
)HF

The flow on the surface of a heap shares many similarities
with the surface flow in a rotating cylinder. We list some of
the common features below.

HF1. In both systems, when the flows are relatively slow,
Ž .1r2the layer thickness is given by �A Qrg , where Q is flux

Ž .of particles in the flowing layer Khakhar et al., 2001b .
HF2. As in tumblers, the thickness of the layer in closed

Ž .1r2heap systems varies as �A Ly x , where x is the distance
from the pouring point and L is the length of the layer.

HF3. In both systems the maximum angle of repose corre-
Ž .lates with the flow rate � Q and the measured values arem

nearly the same for heap flow and rotating cylinder flow
Ž .Khakhar et al., 2001b as mentioned above.

HF4. As in tumblers, the flux of particles from layer to the
Ž .heap is given by the same expression Khakhar et al., 2001b .

HF5. When the flow is slow, the shear rate in a heap flow
scales in the same way as given in TF7 for the rotating cylin-
der flow.

The knowledge contained in the above rules allows for a
rational analysis of systems of engineering interest. Consider
an illustrative example. The example considers the spray

Figure 8. Spray coating system.
Left: View of cross-section; right: view of longitudinal section of continuous coating system. The system parameters are defined.
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coating of spherical beads of diameter d placed in a rotating
cylinder of radius R and length L with a superposed axialc
flow. We will consider decomposing the system operating in

Žtwo different modes. First, we consider the batch case no
. Ž .axial flow and then the continuous case with axial flow . It

will become apparent that the solution to the problem pre-
sented hinges critically on the estimation of the shear rate

Ž .and the thickness of the layer rules TF5-TF8 , and the diffu-
Ž .sive mixing rules TF13 and TF14 . As we shall see, all other

aspects can be assembled using standard chemical engineer-
ing tools.

Example Problem: Analysis of Spray Coating
The cross-section of the system is shown in Figure 8. A

uniform spray of a coating solution is applied on the free
surface of the flowing particles. A continuous stream of air is
blown through the perforated drum as shown to evaporate
the solvent and deposit a coating on the beads. The objective
is to deposit a coating of a uniform, specified thickness on
the beads; initially, the diameter of the beads is d, and the
coating thickness at the end of the coating process is d . Wec
analyze the rate of mixing and rate of coat deposition based
on the models discussed in the previous section.

We assume that the rotational speed of the cylinder is in
the rollingrcascading regime to ensure reasonable cross-sec-

Ž Ž . Ž .tional mixing Frg 0.002, 0.064 for s g 0.005, 0.05 , based
.on the scaling results . Although mixing in the avalanching

regime is faster on a per rotation basis, as mentioned earlier,
rolling is faster on a ‘‘time’’ basis, since the rotation rate is so
much higher. Further, the spray rate is assumed to be slow
enough so as not to wet the flowing layer to such an extent as
to prevent it from flowing freely; this is the most critical as-
sumption. Wetting leads to cohesion and this may signifi-

Ž .cantly affect the behavior of small particles Nase et al., 2001 .
In practice the rate would depend on both the rate of cross-
sectional mixing and the rate of evaporation of the solvent.
Other complications may arise, of which the most important
is that differences in particle properties may lead to segrega-
tion; this issue is not considered here. We will assume that
we have measured in the laboratory the rheological parame-
ters � , � , and c, and that the correlations for the layerm s
thickness, shear rate, diffusivity and axial dispersion are valid
Ž .TF6-TF8, TF13 and TF15 .

Batch coating
Consider a fixed mass of beads in a cylinder of radius R

and length L such that the fill fraction is f. Note that wec
must have f �0.5 since f �0.5 results in an unmixed core

Ž .that remains completely uncoated see final section .
For the spray system, the important parameters are the

solute concentration and the rate of spraying. These two
parameters together determine the batch time for coating,
assuming that all the sprayed material is deposited on the
particles.

It is also reasonable to assume that, due to the relatively
high bulk densities in the rollingrcascading regime, only the
top layer of the flowing particles receive the spray. Further,
we assume that the spray rate is small relative to the rate of

Žcross-sectional mixing inverse of the mixing time for com-
.plete cross-sectional mixing to ensure that every particle ap-

pears at the free surface several times and, hence, the coat-
ing is statistically uniform. We estimate below the time for

Ž .complete cross-sectional mixing t and the required batchmix
Ž .time of operation t to achieve the design objectives. Thebatch

design condition is, therefore, t � t .batch mix
In the rotating cylinder flow, mixing occurs only in the

flowing layer since there is no relative motion between parti-
cles in the fixed bed. Further, since the flow is steady, the

Ž .streamlines are time-invariant Hill et al., 1999 and mixing
occurs only as a result of collisional diffusion transverse to
the streamlines in the layer. Denote by t , the average resi-l
dence time of particles for a single pass through the layer. An
estimate of the diffusional distance traveled by a particle nor-
mal to the streamline in a single pass through the flowing
layer is then


 y� Dt 3' Ž .l

We take the criterion for complete mixing to be N 
 y��mix 0
where N is the necessary number of passes through themix
flowing layer so that the particles diffuse the equivalent of
the maximum layer thickness for complete mixing. Therefore,
the number of passes through the flowing layer for complete
mixing is

�0
N � . 4Ž .mix Dt' l

The time for mixing is then the product of the number of
passes times the time per pass

A� 2�0
t s t q 5Ž .mix lž /' �D�

The term in the parentheses is the average time for a pass. It
is the sum of the residence time in the layer t , and the circu-l
lation time in the bed, which can be obtained as 2�r�, where
2� is the angle subtended by the free surface at the cylinder

Ž .axis see Figure 8 . The coefficient A can be obtained by
fitting experimental data for mixing of identical, but differ-
ent, colored particles as shown below.

The mean residence time in the layer is t sHLdxru, wherel L
2 L is the length of the free surface. The mean velocity in the

Ž .layer is us��r2. Using TF6 valid for low Fr flow , we ob-˙
tain

dx 4 dx 2�L L
t s2 s s 6Ž .H Hl 1r2 1r2 1r22 2u0 0�� ��Ž . Ž .˙ ˙L y xŽ .0 0

where the shear rate is given by TF8.
The time for mixing is then given by

1r2A �� Pe � 4�0 0
t s q 7Ž .mix ž /� 2 L L �

where Pes� L2rD is the Peclet number for transverse´coll
mixing where D is given by TF14. From the geometry ofcoll

w 2 Ž .2 x1r2 y1the system, we have Ls R y Ryh and � ssin
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Table 1. Mixing Time in a Rotating Cylinder �

Ž . Ž .� � t r2� � t r2�mix exp mix th
Ž . Ž . Ž .� rL hrR LrR Deg Pe Rev. Rev.0

0.10 1.00 1.00 90 104 57 57
0.10 0.78 0.97 77 104 19 49
0.10 0.65 0.94 69 104 16 44

30.13 0.75 0.97 75 3�10 11 10
30.13 0.58 0.91 65 3�10 7 8

�Comparison of predictions of model with estimates from experimental
Ž .results of Khakhar et al. 1997b for different systems. Value of fitting

parameter used is As 4.33.

Ž . Ž .LrR see Figure 8 for definition of h . The mixing time
computed using these results, denoted t , and expressed asmix

Ž .cylinder revolutions � t r2� , is compared in Table 1 tomix
the estimates from the experimental results of Khakhar et al.
Ž .1997 , denoted exp, for different systems for a fitted value of
the parameter As4.33. The model presented above gives a
reasonable estimate of the mixing time.

The batch time for coating is determined by a mass bal-
ance as the time to deposit a coating of thickness d on eachc
particle, assuming that each particle is uniformly coated.
Suppose that the total mass of beads in the bed is m, and
their density is � . An estimate of the number of particles inp
the bed is then 6mr� d3� . If the thickness of the coating dp c
is such that d � d, then the mass of solute coating eachc
particle is � d2d � , where � is the density of the coating,c s s
and, therefore, the total amount of solute to be deposited is
6m� d r� d. This corresponds to a volume of the coatings c p
solution given by 6m� d r� dC , where C is the concentra-s c p s s
tion of the solute in the solution. Therefore, the batch time
for coating is given by

6m � ds c
t s , 8Ž .batch QC � ds p

where Q is the volumetric spray rate of the solution. The
mass of the batch m is related to the fill fraction by ms
� R2L f � , where � is the bulk density.c b b

The condition for obtaining a uniform coating is then
t rt �1, which on substitution of the results for thebatch mix
batch and mixing times gives

1r2 y16m � d 2 L � 4�s c 0 q �1. 9Ž .ž /ž /AQC � d � Pe� L �s p 0

In the above equation, the midlayer thickness � is given by0
Ž .1r2TF8 as � rLs �r� , and by TF7, the shear rate can be˙0 0

w Ž . x1r2estimated as � s g sin � y� rcd cos � . Using TF13,˙0 m s s
the Peclet number is given by Pes40� 2Lrd� 2. The parame-´ ˙0
ters � , m and L depend on the fill fraction f , which is re-

w y1Ž . xlated to the depth of the bed by fs tan Rrhy1 yhrL r� .
From TF15, the recommended fill fraction is 25%. Thus, the
design parameters to achieve the desired coating should be
chosen so that condition 9 is satisfied.

Continuous coating
Consider the extension of the ideas to the continuous coat-

ing case. The analysis is similar to that for the batch case. In
this case beads are continuously fed to the cylinder at one

Žend and the coated beads flow out of the other end Figure
.8 . A uniform spray of the coating solution is applied on the

surface of the flowing particles as they move through the
cylinder. Similarly to the previous case, the mean residence
time t , required for the particles in the cylinder to achieveres
a coating thickness t, is then

6m � ds c
t s , 10Ž .res QC � ds p

where m is the mass holdup of beads in the cylinder. And
again, for uniform coating, we must have t rt �1 whichres mix
simplifies to Eq. 9.

An additional factor that is important in the case of a con-
tinuous system, but not for batch systems, is axial dispersion.
Axial dispersion in the continuously operated coater results
in a distribution of residence times, and, thus, in a distribu-
tion of coating thicknesses. Since the rate of spraying is con-
stant, the coating thickness is proportional to the residence
time. An estimate of the standard deviation of the coating

Ž . Ž .thickness 
 from the mean value d isc

D t'
 a ress 11Ž .
d Lc c

where D is the axial dispersion coefficient. It is apparenta
that good cross-sectional mixing requires high residence
times, that is, lots of cross-sectional turnover times before
particles exit the system. This is necessary to have all parti-
cles being exposed to the spray. It should be recognized,
however, that this produces greater axial dispersion and, thus,
a greater standard deviation in the coating thickness. For
uniform coating, we thus require long cylinders so that the

Žvariation in coating thickness due to varying residence time
. Ž .in the cylinder is minimized Eq. 11 .

Conclusions and Open Questions
The central point of this article is that an interpretation,

extension, and integration of available understanding of gran-
ular flows emanating from fundamental theory, experiments,
and simulations is ripe for exploitation in engineering design
applications. This understanding can be summarized in terms
of scaling laws.

This approach, unaided, is clearly insufficient. A successful
design may require the confluence of many viewpoints. Let
us briefly consider the roles of direct simulation and experi-
ments and make a few comments about their uses and possi-
ble limitations. Consider first the case of theory and direct
simulations. It is illustrative to contrast the cases of fluids
and solids. For fluids mixing, basic understanding at a contin-
uum le®el is firmly established: Navier-Stokes equations pro-
vide a first principles description valid on macroscopic scales
for most problems. Such an understanding is lacking in the
case of granular materials. A change in the nature of a fluid

October 2002 Vol. 48, No. 10AIChE Journal 2163



is reflected in the nature of the constitutive equation�for
example, going to a Maxwell model or any type of viscoelastic
model. A problem can thus be easily formulated, although

Ž .perhaps not easily solved even numerically . No such route is
possible in the case of granular materials. Constitutive equa-
tions have not been successfully developed�certainly not to
the level encountered in fluids. In some restricted contexts, it
may indeed be possible to generate flow and constitutive
equations. It is in general unclear which material properties
may be generic, which are specific to a problem, and when
very minor changes in particle properties have large effects.
And all of this does not consider the effects of segregation.

The alternative to theory is simulation. Particle dynamics
Ž .PD come close to the ideal of a first-principles approach.
The technique is based on the methodology of molecular dy-
namics developed for the study of liquids and gases. In the

Ž .simplest case, when the grains are large say 100 �m or more ,
the interactions are purely mechanical. The motion of the
particles is governed by Newton’s laws; the goal of PD simu-
lations is to compute the evolution of linear and angular mo-
mentum of every particle by using appropriate contact force
models. In principle, ‘‘exact’’ PD simulations require precise

Žphysical properties Young modulus, restitution coefficients,
.Poisson ratios, and so on . Predictive calculations for specific

materials with complex shapes and multidispersed shapes are,
in general, nearly impossible. The number of particles is lim-

4 5 Ž .ited to about 10 y10 Cleary et al., 1998 in contrast to
practical systems which have�109 particles. It would be un-
wise to recommend PD as the sole source of design guidance.

ŽResults depend on the contact force model used and, by no
.means, is there a single unequivocal choice . Thorough stud-

ies of the parametric sensitivity of the results to model pa-
rameters are very much needed.

Consider now the role of experiments. Carefully designed
experiments are invaluable. The drawback is that results are
specific, and it is time-consuming to explore large regions of
parameter space. However, a carefully designed experiment
can answer questions that would be hard, if not impossible,
to answer by other means.

There are two kinds of experiments: qualitative flow visual-
ization techniques and experiments involving measurements.
Both classes of experiments serve different roles.

Consider measurements. Significant advances have oc-
curred in the last 4�5 years. For example, it is now possible
to investigate the interior of granular materials via magnetic

Ž .resonance imaging MRI . This technique, however, is years
away from becoming a routine industrial practice, and cost is
an issue, as well as the kinds of flows that can be examined
Ž .the apparatus has to fit within the MRI machine . Finally,
the MRI technique places restrictions on the kinds of parti-
cles that can be used. Another promising technique is the
Positron Emission technique. These two techniques can be

Žused to measure the velocity field in opaque materials as
.most of the granular materials are . However, relatively sim-

ple techniques can provide valuable insight. For example,
many of the results, summarized in the current knowledge
section�velocity fields, layers thicknesses�are based on

Ž .particle image velocimetry PIV and particle tracking ve-
Ž .locimetry PTV . The restriction of these techniques is that

measurements are restricted to 2-D flows. However, 2-D ex-
periments are relatively easy to implement. In fact, for diag-

nostic purposes, simple photographic experiments may suf-
fice.

2-D experiments are fast, inexpensive, and reproducible.
They can be conducted using a variety of particles. A few
precautions must the taken. When the particle size is less
than 1 mm in diameter, effects, such as clumping due to
moisture or attractive and repulsive forces due to static elec-
tricity, are typically important. Also, when the particles are
about 0.1 �m or less, cohesive effects are significant. Thus, it
is recommended that beads sizes not smaller than 0.5 mm in
diameter be used. To minimize axial segregation effects, it is
recommended that the depth of the tumblers used be limited
to a few particles, say 5�10. The design of the mixers is sim-
ple. The faceplate of the mixers can be made of Plexiglas for
ease in observation, while the rear plate may be fashioned of
aluminum and can be grounded to minimize electrostatic ef-
fects.

Several types of experiments are possible. Flow patterns,
seeding an initial region, divide the mixer into two large sec-
tions. Flow patterns may be obtained with long exposure
photographs; seeding experiments rely on identifying a small
region and observing it as it deforms in time. Dividing the
mixer into large sections, say half of the container with one
color and the other half with another color, is relatively easy
to implement and allows for observation of evolution of mix-
ing, for example. Segregation experiments are easiest. The
initial condition corresponds to a well-mixed system.

Many such experiments have been conducted over the past
5�7 years. What follows is series of design recommendations.
Ž Ž .A good reference for this is McCarthy et al. 1996 and Ot-

Ž ..tino and Shinbrot 1999 .
Whene®er possible seek guidance from quasi 2D experiments.

This is the easiest way to assess effects such as degree of
filling or the effect of baffle geometry or any other geometri-
cal changes. Mixing times can easily be estimated in these
systems using tracer experiments.

One typical use is to understand the effects of nonmixing
regions or cores. By including baffles, we can deliberately
cause avalanches to penetrate the core, and thereby involve it

Ž .in mixing. McCarthy et al. 1996 show a sequence of sketches
depicting what occurs as a tumbler with protruding baffles is
slowly rotated.

Be prepared for surprises. Sometimes one baffle is better
Ž Ž ..than two see McCarthy et al. 1996 : A system with only one

protruding baffle as shown works, but a mixer with two baf-
fles placed on opposite sides of the drum does not produce
better results than one without baffles. Another somewhat
unexpected result has to do with 2-D systems that are rota-
tionally asymmetric such as a bent star. Clockwise rotation
and counter-clockwise rotation may behave very differently:
one will leave an unmixed core, the other will not. These
effects have been confirmed experimentally.

The degree of filling is critical. With everything being fixed,
the geometry of mixers and materials, the degree of filling is
often the only remaining control parameter. The effects of
the degree of filling�especially in cases with segregating ma-
terials�is of utmost importance.

Simple scaling rules often suffice. In spite of the complexity
of granular flows, at macroscopic scales, simple scaling rules
can give a good description of system behavior and these are
in some cases nearly independent of material type.
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A few general remarks about design of granular processes
in general�and not just surface dominated flows�may be
appropriate at this point. The main lesson that should be ex-
tracted from the present work is that, as advocated in Ottino

Ž .and Khakhar 2001 , there is sufficient fundamental knowl-
edge that when filtered and aggregated it can be organized
into a coherent whole that leads to practical applications. The
case considered here is surface-dominated flows, but the same
program�possibly not now, but at some point in the near
future�should be carried out for convection and vibration
Ž Ž ..for a general overview see Duran 2000 and flows induced

Žby motion of blades Laurent et al., 2000; Laurent and Bridg-
.water, 2002; Stewart et al., 2001 . It is also clear that the

example presented here�owing to spraying�could in the
future be sharpened with recent and ongoing work in the area

Žof wet systems Albert et al., 1997; Nase et al., 2001; Samadani
.and Kudrolli, 2000 . Eventually, one can imagine that the case

Ž .of slurries Jain et al., 2001 should be amenable to similar
analysis.
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Appendix: Analysis of Spraying of Particles
Consider particles flowing at a constant velocity u being

Žsprayed by a solution at a uniform rate q mass of coating
.material per unit area per unit time , as shown in Figure A1.

The particles also diffuse in the direction perpendicular to
the flow due to interparticle collisions with a diffusivity D .coll
For simplicity, consider the flowing layer to be very deep
compared to the diffusional distance � . The variation of the

Žconcentration of the coating C mass of coating per unit vol-
.ume of particles is then given by

� C � 2C
sD A1Ž .coll 2� t � y

where ts xru is the time of exposure of the particles to the
spray. The initial condition and boundary conditions for the
problem are

Cs0, ts0 A2aŽ .
Cs0, y™� A2bŽ .

� C
yD sq , ys0 A2cŽ .coll � y
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Figure A1. Flowing layer in the spray coating system.
The coordinate system used in the analysis is shown.

The characteristic diffusional length scale from Eq. A1 is �
Ž .1r2s D t , and from Eq. A2c, we get the characteristic con-coll

Ž .1r2centration at the surface as C sq�rDsq trD . Thus,0 coll
Ž .the solution should be of the form CsC f � , where �s yr� .0

Substituting into the governing equation and applying the
boundary conditions, we get the solution to Eq. A1 subject to
the initial and boundary conditions given in Eq. A2 as

1r22 t �
� �Csq erfc � d� . A3Ž . Ž .Hž /D �coll

ŽThus, the penetration depth depth at which the concentra-
tion to a small value relative to the surface concentration, say

.0.01C is then the same as in the classical Higbie penetra-0
Ž .1r2tion theory and is given by D t . The above result maycoll

be applied to the rotating cylinder case if the shearing mo-
tion in the layer is neglected.
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